Abstract. Recently, Prasad and Yeung classified all possible fundamental groups of fake projective planes. According to their result, many fake projective planes admit an automorphism of prime order, and in that case the order must be 3 or 7.
Introduction
It is known that a compact complex surface with the same Betti numbers as the complex projective plane CP 2 is projective (see e.g. [BHPV] ). Such a surface is called a fake projective plane if it is not isomorphic to CP 2 .
Mumford [Mum] first proved the existence of a fake projective plane, based on the theory of the p-adic unit ball by Kurihara [Ku] and Mustafin [Mus] . Later, using a similar idea, Ishida and Kato [IsKa] proved the existence of at least two more. Then, Keum [K] gave a construction of a fake projective plane with an order 7 automorphism, using Ishida's description [Is] of an elliptic surface covered by a (blow-up) of Mumford's fake projective plane. Recently, Prasad and Yeung [PY] classified all possible fundamental groups of fake projective planes. According to their result, Keum's fake projective plane and Mumford's fake projective plane are different from each other, but belong to the same class. Furthermore, the automorphism group of a fake projective plane is isomorphic to {1}, Z/3Z, Z/7Z, Z/7Z : Z/3Z, or (Z/3Z) 2 , and many fake projective planes admit a nontrivial automorphism.
Let σ be an automorphism of prime order of a fake projective plane X. Then the order of σ must be 3 or 7. In this paper we classify all possible structures of the quotient surface X/σ and its minimal resolution. Namely, we prove the following: Theorem 1.1. Let σ be an automorphism of prime order of a fake projective plane X. Set Z := X/σ, and let ν : Y → Z be a minimal resolution. Then the following two statements are true.
(1) If the order of σ is 3, then Z has 3 singular points of type We remark that the fundamental group π 1 (Y ) of Y is given by {1}, Z/2Z, Z/3Z in the three cases of (2), respectively. (See [D] for fundamental groups of elliptic surfaces.) The first case of (2), where Y is called a Dolgachev surface, is supported by the example from [K] . I have learnt from Donald Cartwright and Tim Steger that according to their computer calculation an order 7 quotient of a fake projective plane has fundamental group either {1} or Z/2Z. This implies that the second case of (2) is supported by an example, while the third case of (2) is not. K X : the canonical divisor of X. p g (X) : the geometric genus of X. q(X) : the irregularity of X. χ(X) = 1 − q(X) + p q (X) : the holomorphic Euler characteristic. e(X) : the Euler number of X. b i (X) : the i-th Betti number of X. c i (X) : the i-th Chern class of X. c 2 (X) = e(X) if X is a smooth surface. g(C) : the genus of a curve C.
Fake projective planes
There have been known many equivalent characterizations of a fake projective plane. (1) X is not isomorphic to
= q(X) = 0, and K 2 X = 3c 2 (X) = 9. We need the following lemma.
Lemma 2.2. Let X be a fake projective plane, and C be a smooth curve on X. Then e(C) ≤ −4, or equivalently g(C) ≥ 3.
Proof. Let l be an ample generator of Pic(X) modulo torsions. Then l 2 = 1 and C ≡ Q ml for some positive integer m. Since K X ≡ Q 3l, we have
A normal projective complex surface is called a Q-homology CP 2 if it has the same Betti numbers with the complex projective plane CP 2 . If a Q-homology CP 2 is nonsingular, then it is either CP 2 or a fake projective plane.
Proposition 2.3. Let S be a Q-homology CP 2 with quotient singularities only. Suppose that S admits a finite group G of automorphisms. Then the quotient S/G is again a Q-homology CP 2 with quotient singularities only. In particular, e(S/G) = 3 and χ(S/G) = 1.
Proof. Since S has p g = q = 0, so does the quotient S/G. Thus the minimal resolution of S/G has q = 0, and hence b 1 = 0. It follows that b 1 (S/G) = 0.
Since S has b 2 = 1, so does the quotient S/G. Now we consider fake projective planes with an automorphism, and get the following preliminary information.
Proposition 2.4. Let X be a fake projective plane with an automorphism σ. Assume that the order of σ is a prime number, say,
Proof. The statements (1) and (2) follow from the fact that X itself is a Q-homology CP 2 with K X ample. Note that K Z is a Q-Cartier divisor on the normal surface Z.
Since K 2 X = 9, (3) follows. It remains to prove (4). Suppose that X σ consists of smooth curves C 1 , C 2 , . . . , C k and r isolated points. Then the quotient surface Z has r singular points. Counting Euler numbers, we have
Since e(X) = e(Z) = 3, this yields
From the orbifold Bogomolov-Miyaoka-Yau inequality, one sees that a Qhomology CP 2 cannot have more than 5 singular points (see e.g. [Ko] , [HK] ). Thus r ≤ 5. This bound together with Lemma 2.2 contradicts to (2.1), if X σ contains a curve. This proves that X σ does not contain a curve, and consists of 3 isolated points.
Corollary 2.5. p = 2.
Proof. Suppose p = 2. Then Z has rational double points only, hence
, which is not an integer, a contradiction. Prasad and Yeung [PY] have provided precise possible values for the order p. According to their result, p = 3 or 7.
3. The Case : p = 3
In this section we prove the following: 
where E i is a (−3)-curve lying over a singular point of type
Then by Noether formula, e(Y ) = 9 + r 3 .
The smooth part Z 0 of Z has Euler number
hence r = 0. This proves that Z has 3 singular points of type
Corollary 3.2. Let X be a fake projective plane with Aut(X) ∼ = (Z/3Z) 2 . Let G = Aut(X). Set Z := X/G, and let ν : Y → Z be a minimal resolution. Then Z has 4 singular points of type 1 3 (1, 2), and Y is a minimal surface of general type with K 2 Y = 1, p g = 0. Proof. The group G has 4 subgroups isomorphic to Z/3Z. Each fixes 3 isolated points of type 1 3 (1, 2). No stabilizer of a nonsingular point can be isomorphic to (Z/3Z) 2 , thus there are 12 points, each of whose stabilizers is isomorphic to Z/3Z. It follows that Z has 4 singular points of type 1 3 (1, 2). Note that the canonical divisor K Z of Z is ample and K 2 Z = K 2 X /9 = 1. Since Z has only rational double points, we see that K Y is nef, K 2 Y = 1 and hence the assertion on Y follows.
According to [PY] , many fake projective planes admit an automorphism of order 3, thus by taking a quotient one can obtain many new examples of a minimal surface of general type with K 2 Y = 3, p g = 0.
Question: Does there exist a fake projective plane X with an automorphism σ of order 3 such that the minimal resolution Y of Z = X/σ is simply connected?
Remark 3.3.
(1) Since Z has rational singularities only, π 1 (Y ) ∼ = π 1 (Z). Thus the question is whether there is a fake projective plane X with an automorphism σ of order 3 such that the augmented fundamental group π 1 (X), σ is the normal closure of the subgroup generated by elements of order 3.
(2) In the case of order 7, there is a fake projective plane X with an automorphism σ of order 7 such that the minimal resolution Y of Z = X/σ is simply connected [K] . In this case Y is not of general type.
(3) A simply connected surface of general type with K 2 = 3, p g = 0 has been recently constructed by H. Park, J. Park, and D. Shin [PPS] . They use the method of Lee and Park [LP] , which produces examples of simply connected surfaces of general type with K 2 = 2, p g = 0. An affirmative answer to the question would give yet another interesting example of a simply connected surface of general type with K 2 = 3, p g = 0.
4. The Case : p = 7
In this section we first prove the following: 
The adjunction formula gives
where D is a Q-linear combination of components of the exceptional set of ν with coefficients in the interval [0, 1), which can be explicitly computed. Some computation shows that
where p i 's are the singular points of Z. Thus e(Y ) = e(ν −1 (p i )) = 2a + 3b + 4c + 7d.
Then by Noether formula, 
From (4.4) and (4.5), we have (4.6) 12 − (2a + 3b + 4c + 7d) = 9 7 − 1 7 (25a + 8b + 3c).
Now from (4.1) and (4.6), it is easy to see that This proves the first assertion. The second assertion follows from (4.4). (1, 4) . Then the group acting on the complex ball B ⊂ C 2 must contain a matrix ∈ PU(2, 1) which diagonalises as:
where ζ = ζ 7 = e 2πi/7 is the 7-th root of unity, and α a complex number.
Using the notation of [PY] , we can choose this matrix to be inΓ, which is contained in a rank 3 division algebra over the field denoted by ℓ. Therefore tr(M ) = α(1 + ζ + ζ 4 ) and det(M ) = α 3 ζ 5 both must belong to ℓ. Thus ℓ contains
The field which this generates over Q, namely Q[ζ + ζ −1 ], must be contained in ℓ. None of the cases on Prasad-Yeung's final list has such an ℓ. There is exactly one possibility listed, but later excluded, which does have such an ℓ, namely C 31 .
This completes the proof of Proposition 4.1. To complete the proof of Theorem 1.1, it suffices to prove the following: The proof of Proposition 4.4 will consist of several lemmas. First, we write down the adjunction formula explicitly.
Lemma 4.5. Assume that Z has 3 singularities of type
where A 1 , A 2 , A 3 , B 1 , B 2 , B 3 , C 1 , C 2 , C 3 are the exceptional curves of ν : Y → Z whose Dynkin diagram is given by
Lemma 4.6. Assume that Z has 3 singularities of type From the Riemann-Roch theorem and (1) we see that for any integer
Proof. (1) Note that for
Thus Y is not rational. 
Proof. Note first that Pic(Y ) ∼ = H 2 (Y, Z). Thus, with the intersection pairing Pic(Y )/torsion is a lattice which is odd unimodular, and of signature (1, 9). Let R be the sublattice generated by the numerical equivalence classes of the 9 curves A 1 , A 2 , A 3 , B 1 , B 2 , B 3 , C 1 , C 2 , C 3 . Let R and R ⊥ be its primitive closure and its orthogonal complement, respectively, in the lattice Pic(Y )/torsion. Note that R ⊥ is of rank 1. Then the discriminant group disc(R) of R is of length 3, more precisely,
Since the lattice Pic(Y )/torsion is unimodular, disc(R) is isomorphic to disc(R ⊥ ) which is of length 1. Thus R is of index 7 in R. Then the generator of R/R must be of the form
Since both L · K Y and L 2 must be integers, we see that (a, b) = (2, 4) or (4, 2) modulo 7. Up to interchanging the curves B i 's and C i 's, we determine the divisor L uniquely modulo R.
Now we have disc(R)
belongs to R ⊥ and (7ν * K Z ) 2 = 7 · 3 2 . Thus the lattice 7ν * K Z is of index 3 in R ⊥ , and hence R ⊥ is generated by
Thus the index 7 extension R⊕R ⊥ ⊂ Pic(Y )/torsion is given by the element of the form
Since M · K Y is an integer, we see that a = 4 modulo 7. This determines the divisor M uniquely modulo R.
The intersection matrix of the 10 divisors in Lemma 4.7 is given by 
Lemma 4.8. Assume that Z has 3 singularities of type
. In other words, if we write
(1) Assume that m = 1, i.e.
Then, the coefficients of E satisfies the following system of 9 inequalities and one equality:
From the 9 inequalities of the system, we obtain that (4.7) a 3 ≤ 2 5 d, b 3 ≤ 3 7 (2 + 2d), c 3 ≤ 3 7 (−1 + 4d).
Indeed, from the second and the third inequalities of the system, we have
giving the first inequality of (4.7). From the fourth and fifth inequalities of the system, we have
forcing the sixth inequality to give the second inequality of (4.7). The third inequality of (4.7) can be proved similarly. Also, we obtain the following bound for d. Indeed, from the first three inequalities of the system, we have d ≥ −a 2 + 3a 3 = 3(−2a 2 + a 3 ) + 5a 2 ≥ 5a 2 ≥ 0.
Applying the three inequalities of (4.7) to the equality of the system, we get 3d − 1 = a 3 + b 3 + c 3 ≤ 2 5 d + 3 7 (2 + 2d) + 3 7 (−1 + 4d), hence d ≤ 50. We know that E 2 = −1. Expanding E 2 using the intersection matrix and then applying the equality of the system, we get 1+3d 2 +2d = (4+2d)b 3 +(6d−2)c 3 +(a 2 A 2 +a 3 A 3 ) 2 +(
Note that (a 2 A 2 + a 3 A 3 ) 2 = −2a 
